Abstract Formulas for the number of primitive representations of any integer n as a sum of k squares are given, for 2 ≤ k ≤ 8, and for certain values of n, for 9 ≤ k ≤ 12. The formulas have a similar structure and are striking for their simplicity.
Introduction
Let r k (n) denote the number of representations of n as a sum of k squares. That is, r k (n) is the number of solutions in integers, counting permutations and sign changes, of (1 − aq j−1 ).
Then the generating function for r k (n) is
Throughout this article, n will always be a positive integer, and we will denote its prime factorization by
where the product is taken over all odd primes p which divide n. The Legendre symbol is defined, for prime values of p, by
For odd values of n, the Jacobi symbol is defined by
where p and λ p are as in the prime factorization (1.5).
The main results in this article are:
Let the prime factorization of n be given by (1.5) . Then
18 if n ≡ 0 (mod 8).
(1.13) (1.14)
If at least one of the exponents λ p is odd for some prime p ≡ 3(mod 4), then 
For completeness, we also state the results for r 2k+1 (m) for squarefree values of m, for 1 ≤ k ≤ 5.
Theorem 3. Let m be squarefree and let ( j m
) denote the Jacobi symbol. Then
(1.27) (1.28) 
(1.32)
The purpose of this article is to prove Theorems 1 and 2, which we will do in Sections 2 and 3, respectively.
Equations (1.7) and (1.11), in the case when n is odd, were stated by Eisenstein [10] . Equations (1.27) and (1.28) were obtained by Dirichlet [8, p . 101], [9] . He obtained these formulas by computing the number of properly primitive classes of binary quadratic forms of negative determinant, and then applying a theorem of Gauss [7, pp. 262, 265] , [13, Section 291] , which connects this class number with r 3 (n). The equations in (1.27) were restated by Eisenstein [11] , who attributed them to Dirichlet [9] .
Formulas equivalent to ( [11, 12] .
The Paris Academy of Sciences, noting Eisenstein's work [11] but apparently unaware of Smith's work [47] , proposed as its Grand Prix des Sciences Mathématiques competition for 1882 the problem of completely determining the value of r 5 (n). The prize was awarded jointly to Smith [49] and Minkowski [33] , who both gave formulas as well as proofs. An interesting account of this competition and the controversy surrounding it has been given by Serre [45] ; also see [7, p. 312] .
The Eqs. (1.33) and (1.34) were stated as conjectures in [4, 5] . 
Proof of the formulas for sums of an even number of squares
We begin with the generating functions Lemma 1.
3) [14] . Glaisher [15, 16] also found similar formulas for φ(q) 14 , φ(q) 16 and φ(q) 18 . A general formula for φ(q) 2k was stated by Ramanujan [41] and proved by Mordell [34] . Proofs of (2.1)-(2.6) using theta functions were given by Rademacher [40] and Grosswald [18] . An elementary proof of (2.1)-(2.6), as well as Ramanujan's general formula for φ(q) 2k , was given in [3] .
Lemma 2. Let d j (n) be the number of divisors of n of the form 4i + j. Then
8) 
(2.14)
Proof: Formulas (2.7)-(2.10) follow by comparing the coefficients of q n in (2.1)-(2.4), respectively. These were probably known to Jacobi, although he doesn't seem to have explicitly stated the results in full. See, for example [26, 27] . Eisenstein [10] , in 1847, referred to "den bekannten Sätzen für 2 and 4 Quadrate" (the well known theorems for two and four squares) before giving results for the number of representations of an odd integer as a sum of six or eight squares, and the number 4n + 3 as a sum of ten squares, but he did not explicitly state the two or four squares results (2.7), (2.8). Nor did he state the six and eight squares results (2.9), (2.10) for even integers. A complete statement of (2.8)-(2.10) was given in 1865 by Smith [48] . Smith [46] had previously given (2.7) in 1861.
Let
Glaisher [15, p. 178 , footnote], [17] , showed that χ 4 (n) = 0 whenever at least one of the exponents λ p is odd for some prime p ≡ 3 (mod 4). Equation (2.11) then follows by equating the coefficients of q n on both sides of (2.5). The product in (2.15) can also be expanded explicitly by one of the Macdonald identities for BC 2 . See [6, p. 142] , [32, p. 138 , formula BC l (d), with l = 2]. The formula (2.11), in the special case n ≡ 3 (mod 4), was stated without proof by Eisenstein [10] . For completeness, we mention the formula 16) which holds for all n. This was stated without proof by Liouville [29] , and rediscovered and proved by Glaisher [14, 16] . Observe that by (2.7), Liouville's formula (2.16) reduces to (2.11) if at least one of the exponents λ p is odd for some prime p ≡ 3 (mod 4). For sums of twelve squares, observe that if n is even, then the coefficient of q n in the infinite product on the right hand side of (2.6) is zero. Therefore (2.12)-(2.14) follow by comparing coefficients of q n in (2.6).
Lemma 3.
If at least one of the exponents λ p is odd for some prime p ≡ 3 (mod 4), then 
Observe that We consider two cases.
Using (2.23), the second product can be extended to all odd primes p, giving Now substitute this into (3.11), and continue as in the proof of Case 1. This proves Case 2, and completes the proof of Theorem 2 in the case k = 7.
